We study the spectroscopy and dominant decays of the bottomonium-like tetraquarks (bound diquarks-antidiquarks), focusing 
I. INTRODUCTION
In the past several years, experiments at the two B-factories, BaBar and Belle, and at the Tevatron collider, CDF and D0, have discovered an impressive number of new hadronic states in the mass region of the charmonia [3] . These states generically labelled as X, Y and Z, however, defy a conventional cc charmonium interpretation [4, 5] . Moreover, they are quite numerous, with some 14 of them discovered by the last count, ranging in mass from the J P C = 1 ++ X(3872), decaying into DD * , J/ψπ + π − , Jψγ, to the J P C = 1 −− Y (4660), decaying into ψ ′ π + π − (for a recent experimental summary and references, see [6] ). There is also evidence for an ss bound state, Y s (2175) having the quantum numbers J P C = 1 −− , first observed by BaBar in the initial state radiation (ISR) process e + e − → γ ISR f 0 (980)φ(1020), where f 0 (980) is the 0 ++ scalar state [7] . This was later confirmed by BES [8] and Belle [9] .
These states are the subject of intense phenomenological studies. Three different frameworks have been suggested to accommodate them: (i) D − D * molecules [10] [11] [12] ; (ii) ccg hybrids [13] ; and (iii) Diquark-antidiquark or four quark states [14] [15] [16] . Of these hypotheses (i) and (iii) are more popular. For example, the motivation to explain the state X (3872), first observed by Belle [17] and later confirmed by CDF [18] , D0 [19] and BaBar [20] , as a hadronic molecule is that the mass of this state is very close to the D 0D * 0 threshold. Hence, in this picture, the binding energy is small implying that these are not compact hadrons, which have typical sizes of O(1) Fermi. This makes it unlikely that such a loosely bound state could be produced promptly (i.e. not from B decays, as seen by Belle and BaBar) in high energy hadron collisions, unless one tailors the wave functions to avoid this conclusion. In particular, Bignamini et al. [21] have estimated the prompt production cross section of X (3872) at the Tevatron, assuming it as a D 0D * 0 hadron molecule. Their upper bound on the cross section pp → X(3872) + ... is about two orders of magnitude smaller than the minimum production cross section from the CDF data [23] , disfavouring the molecular interpretation of X(3872).
However, a dissenting estimate [22] yields a much larger cross section, invoking the charm meson rescatterings.
The case that the X, Y, Z and Y s are diquark-antidiquark hadrons, in which the diquark (antidiquark) pairs are in colour3 c (3 c ) configuration bound together by the QCD colour forces, has been forcefully made by Maiani, Polosa and their collaborators [14] [15] [16] . The idea itself that diquarks in this colour configuration can play a fundamental role in hadron spectroscopy is rather old, going back well over thirty years to the suggestions by Jaffe [24] . More recently, diquarks were revived by Jaffe and Wilczek [25] in the context of exotic hadron spectroscopy, in particular, pentaquark baryons (antidiquark-antidiquark-quark), which now seem to have receded into oblivion. However, diquarks as constituents of hadronic matter may (eventually) find their rightful place in particle physics. Lately, interest in this proposal has re-emerged, with a well-founded theoretical interpretation of the low lying scalar mesons as dominantly diquark-antidiquark states and the ones lying higher in mass in the 1 -2 GeV region as being dominantlymesons [26] . Evidence in favour of an attractive diquark (antidiquark)channel for the so-called good diquarks (colour antitriplet3 c , flavour antisymmetric3 f , spin-singlet positive parity) in the characterisation of Jaffe [4] is now also emerging from more than one Lattice QCD studies [27, 28] for the light quark systems. On the other hand, no evidence is found on the lattice for an attractive diquark channel for the so-called bad diquarks (i.e., spin-1 states) involving light quarks [28] . However, as the effective QCD Lagrangian is spin-independent in the heavy quark limit, we anticipate that also the bad diquarks will be found to be in attractive channel for the [cq] and [bq] diquarks having a charm or a beauty quark. This implies a huge number of heavy tetraquark states, as we also show here for the hidden bb tetraquark spectroscopy. Earlier work along these lines has been reported in the literature using relativistic quark models [29] and QCD sum rules [30] .
In this paper, we study the tetraquark picture in the bottom (bb) sector. In the first part (Section II), we classify these states according to their J P C quantum numbers and calculate the mass spectrum of the diquarks-antidiquarks
, s and c in the ground and orbitally excited states by assuming both good and bad diquarks. 
[bd] . The mass differences are estimated to be small, with 2 ) (for r → 0), where k QQ is the string tension and Λ QCD is the QCD scale parameter. The bound state tetraquark potential V QQ (r) 1 will differ from the Quarkonia potential V QQ (r) in the linear part, as the string tension in a diquark k QQ is expected to be different than the corresponding string tension k QQ in the QQ mesons, but as the diquarks-antidiquarks in the tetraquarks and the quarks-antiquarks in the mesons are in the same (3 c 3 c ) colour configuration, the Coulomb (short-distance) parts of the potentials will be similar.
Defining κ = k QQ /k QQ , we expect κ to have a value in the range κ ∈ [ Having specified the mass spectrum and our dynamical assumptions for the tetraquark decays, we undertake a theoretical analysis of the existing data from BaBar 
. An analysis [32] of the Belle data on the decay widths Γ(
mass spectra and the helicity angular distributions is in agreement with the tetraquark interpretation presented here.
II. SPECTRUM OF BOTTOM DIQUARK-ANTIDIQUARK STATES
The mass spectrum of tetraquarks [bq][bq ′ ] with q = u, d, s and c can be described in terms of the constituent diquark masses, m Q , spin-spin interactions inside the single diquark, spin-spin interaction between quark and antiquark belonging to two diquarks, spin-orbit, and purely orbital term [16] , i.e.
where:
Here m Q is the mass of the diquark [bq], (K bq )3 is the spin-spin interaction between the quarks inside the diquarks, K bq are the couplings ranging outside the diquark shells, A Q is the spin-orbit coupling of diquark and B Q corresponds to the contribution of the total angular momentum of the diquark-antidiquark system to its mass. The overall factor of 2 is used customarily in the literature. For the calculation of the masses we assume isospin symmetry, i.e. the isodoublet consisting of the states
are degenerate in mass for each n. Later, we will calculate the isospin symmetry breaking effects in the masses.
The parameters involved in the above Hamiltonian (2) can be obtained from the known meson and baryon masses by resorting to the constituent quark model [33] 
where the sum runs over the hadron constituents. The coefficient K ij depends on the flavour of the constituents i, j and on the particular colour state of the pair. Using the entries in the PDG for hadron masses along with the 2 We shall often refer to the ground states Y
without the superscript for ease of writing. 23 20 36 assumption that the spin-spin interactions are independent of whether the quarks belong to a meson or a diquark, the results for diquark masses corresponding to X (3872) and Y (2175) were calculated in the literature [14, 16] . Here, we extend this procedure to the tetraquarks [bq][bq]. The constituent quark masses and the couplings K ij for the colour singlet and antitriplet states are given in Table I , II and III.
To calculate the spin-spin interaction of the QQ states explicitly, we use the non-relativistic notation |S Q , SQ; J , where S Q and SQ are the spin of diquark and antidiquark, respectively, and J is the total angular momentum. These states are then defined in terms of the direct product of the 2 × 2 matrices in spinor space, Γ α , which can be written in terms of the Pauli matrices as:
which then lead to the following definitions:
The properties of these matrices are given in the appendix of ref. [14] . The next step is the diagonalization of the Hamiltonian (1) using the basis of states with definite diquark and antidiquark spin and total angular momentum. There are two different possibilities [14] 
The states can be classified in terms of the diquark and antidiquark spin, S Q and SQ, total angular momentum J, parity, P and charge conjugation, C. Considering both good and bad diquarks and having L QQ = 0 we have six possible states which are listed below.
i. Two states with J P C = 0 ++ :
ii. Three states with J = 1:
All these states have positive parity as both the good and bad diquarks have positive parity and L QQ = 0. The difference is in the charge conjugation quantum number, the state |1 ++ is even under charge conjugation, whereas
iii. One state with J P C = 2 ++ :
Keeping in view that for L QQ = 0 there is no spin-orbit and purely orbital term, the Hamiltonian (1) takes the form
The diagonalisation of the Hamiltonian (10) with the states defined above gives the eigenvalues which are needed to estimate the masses of these states. It is straightforward to see that for the 1 ++ and 2 ++ states the Hamiltonian is diagonal with the eigenvalues [14] M 1
All other quantities are now specified except the mass of the constituent diquark. We take the Belle data [6] The couplings corresponding to the spin-spin interactions have been calculated for the colour singlet and colour antitriplet only. In Eq. (2), however, the quantities K, K bq and K bb involve both colour singlet and colour octet couplings between the quarks and antiquraks in a QQ system. So for K bb [16] 
where (K bb ) 0 is reported in Table II . (K bb ) 8 can be derived from the one gluon exchange model by using the relation [14] :
with C 2 (X) = 0, 4/3, 4/3, 3 for X = 0, 3,3, 8 respectively. Finally, Eq. (13) gives
Now, we have all the input parameters to calculate the mass spectrum numerically. Putting everything together the masses for the hidden bb tetraquark states 1 ++ and 2 ++ states are:
= 10.849 GeV, for q = s,
= 13.217 GeV, for q = c,
= 10.901 GeV, for q = s,
= 13.239 GeV, for q = c.
For the corresponding 0 ++ and 1 +− tetraquark states, the Hamiltonian is not diagonal and we have the following 2 × 2 matrices:
To estimate the masses of these two states, one has to diagonalise the above matrices. After doing this, the mass spectrum of these bb states is shown in Fig. 1 .
We now discuss orbital excitations with L QQ = 1 having both good and bad diquarks. In this paper, we are particularly interested in the 1 −− multiplet. Using the basis vectors defined in reference [16] the mass shift due to the spin-spin interaction terms H SS becomes: 
The eigenvalues of the spin-orbit and angular momentum operators given in Eq. (1) were calculated by Polosa et al. [16] , and we have summarised these values in Table IV . 
where The numerical values of the coefficients corresponding to A Q and B Q are given in Table IV and are labelled by a and b, respectively. The quantity ∆ is the mass difference of the good and the bad diquarks, i.e.
In order to calculate the numerical values of these states, we have to estimate ∆ which is the only unknown remaining in GeV as computed from Eqs. (25), (26) and (27 (for q = u, d) is fixed to be 10.890 GeV, identifying this with the mass of the Y b from Belle [6] . 
[bq] (10.890) shown in the upper left frame in Fig. 1 is of central interest to us in this paper.
III. ISOSPIN BREAKING AND LEPTONIC DECAY WIDTHS OF THE
We discuss in this section the isospin breaking effects, which were neglected in the previous section, and calculate 
The isospin breaking part of the mass matrix is
where δ is the contribution from quark annihilation diagrams, where the light quark pair annihilates to intermediate gluons. Taking this into account, the isospin mass breaking is given by
The partial electronic widths Γ ee (Y [b,l] ) and Γ ee (Y [b,h] ) are given by the well-known Van Royen-Weisskopf formula for the P-states, which we write generically as: We determine the wave functions for the P-state tetraquarks [bd] [bd] and [bu] [bū] from the corresponding wave functions for the P-state bb system by scaling the string tension in the linear part of the potential, as discussed in the introduction. As most potential models agree in their linear (confining) parts [31] and the linear part of the potential essentially determines the heavy Quarkonia wave functions, the uncertainty in Ψ bb (0) from the underlying model is not a concern. We have used the QQ-onia package of [34] , yielding |R ′ (0)| 2 = 2.062 GeV 5 for the bb radial wave function, which we have used as normalisation. The corresponding value for the tetraquark states [bq] [bq] is then calculated as Ψ QQ (0) ≃ κΨ bb (0), and used in our derivations of the decay widths. We expect that for all the P-states
[bu] and Y (n)
[bd] , the electronic widths will be constant, to a good approximation.
where . which can also be seen in (33) .
IV. DIQUARK-ANTIDIQUARK DECAY MODES
In this section we discuss the dominant hadronic decays of the L QQ = 1 states. In doing this, we restrict ourselves to the two-body decays, The vertices and the corresponding decay widths of the dominant decays are given below:
The centre-of-mass momentum | k| is given by
where M is the mass of the decaying particle and M 1 , M 2 are the masses of the decay products. The matrix elements are obtained by multiplying the vertices in (34) by the polarisation vectors. Thus, for the decay
, and likewise for the other decays shown above.
The decay constants F and F ′ are non-perturbative quantities. We estimate them using the known two-body decays of Υ(5S), which are described by the same vertices as given above. 
[bs] → ΞΞ, we take F = F ′ = 1.1
−0.35 , and include a factor of 1/3 for the baryonic final state to take into account the creation of thepair from the vacuum. We remark that the estimates of F PDG will be modified, if as anticipated by the BaBar R b -analysis [1] , the decay width Γ tot [Υ(5S)] has a significantly lower value.
The input values for the masses used in our calculation are listed in Table VI . With this input, our estimates of the decay widths for Y (i)
[bq] are given in Table VIII . We also give the total decay widths (up to the factor κ 2 ). As seen in this table, the lowest lying 1 −− states Y
[bq] are expected to have decay widths of O(50) MeV, for κ 2 = 0.5. Thus, the decay widths of Y
[bq] are consistent with the corresponding measurements by Belle, if we identify Y
[bq] with their Y b . The higher 1 −− states have much larger decay widths and will be correspondingly more difficult to find. BaBar has recently reported the e + e − → bb cross section measured in a dedicated energy scan in the range 10.54
GeV and 11.20 GeV taken in steps of 5 MeV [1] . Their measurements are shown in Fig. 2 (left frame) together with the result of the BaBar fit, the details of which are described in their paper and which were also made available to us [35] . 
The results summarised in their of approximately 2. In particular, the data points around 10.89 GeV and 11.2 GeV lie systematically above the fit.
In our analysis of the BaBar data, we were able to reproduce these features, but also found that the fit-quality can be improved somewhat at the expense of strong phases φ 10860 and φ 11020 , which come out different than the ones reported by BaBar [1] . We do not show this fit here as the resulting R b -line-shape is close to the one shown in the BaBar publication and reproduced here. 
which interfere with the resonant amplitude A r and the two resonant amplitudes for Υ(5S) and Υ(6S) shown in Eq. (36). We use the same non-resonant amplitude A nr and A r as in the BaBar analysis [1] . The resulting fit is shown in Fig. 2 (right frame). Values of the best-fit parameters are shown in Table IX 
for the mixing angle and the mass difference between the eigenstates, respectively.
The R b -analysis in the tetraquark picture can be used to determine κ. The procedure how to do this requires some discussion. κ can be determined from the theoretically estimated total decay widths of the Y This yields (adding the errors in quadrature): κ = 110 ± 13 88 ± 16 28 ± 2 46 ± 8 = 0.87 ± 0.13,
which is in the right ball park expected from the Lattice QCD estimates of the same [28] . [32] .
